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Abstract: In this paper we find analytical expressions for thermodynamic quantities of
scalar (tensor) and vector unparticle static black holes. We also find rotating solutions to
these systems and analyse their thermodynamics. First we consider the static case with
a spherically symmetric source for both the vector and scalar (tensor) unparticles. We
obtain thus analytical expressions to the principal thermodynamic quantities: Hawking
temperature, entropy, heat capacity and free energy. For the scalar (tensor) case we find
that the black hole presents a residual value for the entropy when its radius goes to zero
but the other thermodynamic quantities give, for any horizon radius, a thermodynamically
unstable behavior similar to the standard black hole. For the vector case we find a richer
structure in the region in which the horizon radius is less than the characteristic length of
the unparticle theory. We identify a phase transition and a region where the black hole
can be thermodynamically stable. Following, we show that the mentioned modifications
in the standard gravity are formally similar to those ones present in the black holes with
quintessence. With this we also show, notwithstanding, that the unparticles cannot be a
source of quintessence. By using this similarity we find two different rotating solutions
to the unparticle black holes based on works by Ghosh and Toshmatov et al. For both
cases we compute the Hawking temperature and in the ungravity dominated regime we
find, as in the static cases, a fractalization of the event horizon. For the Gosh-like solution
the fractal dimension depends on the polar angle and on the rotation of the source. For
the Toshmatov-like one it is equal to the static case and therefore the fractalization is not
dependent on the rotation of the source.
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1 Introduction
Various types of fundamental physical symmetries are present in the Standard Model (SM)
of elementary particles and fields. However there is one that plays relevant roles in several
areas of contemporary theoretical physics and which is left out, at least at the energy scales
currently accessible to the mankind: that one associated with scale transformations in
both distance and time. Thus, for instance, in condensed matter physics, phase transitions
can occur near a critical point and such a feature needs a scale invariant description [1].
In quantum and classical theories of massless fields, the scale invariance points to the
nonexistence of a fundamental length scale [2]. By the other hand, in the context of
quantum gravity theories, which admit such a length, as the Horava-Lifshitz one, the
breaking of that invariance from establishment of different scale transformations for space
and time around a critical point in ultraviolet regimes violates the local Lorentz symmetry
and guarantees renormalization by power counting [3–6]. It is worth mentioning that the
study of black holes in this scenario of scale invariance breakdown shed some light on
various features of the gravity behaviour at very high energies [7–10].
A question that naturally arises is if it is possible to have scale invariance in an infrared
sector of SM, since in this regime the particles possesses mass and such a symmetry in
principle cannot exist. Thus, a proposal inspired in the old Bank-Zaks (BZ) theory [11]
was made ten years ago, in which a conformal invariant high energy sector near a critical
(fixed) point is possible, where there would be fields of unknown nature which would be
very weakly coupled to those ones of the standard model, since the coupling constant
depends on the inverse of the mass associated with that very high energy scale. In fact,
the corresponding interaction Lagrangian has the form [12, 13]
L = 1
MkU
OSMOBZ , (1.1)
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where k = dSM +dBZ−4, with dSM and dBZ being the scale dimensions of the SM and BZ
field operators, respectively. Furthermore, around some lower energy scale ΛU < MU (one
hopes that it be of the order of some TeV’s) a dimensional transmutation in the hidden
sector field operator, OBZ →,OU , would occur, permitting stronger interactions between
the novel entities which arise - the so called unparticles - and the particles of the SM,
with phenomenological implications accessible in principle. This transmutation would yield
scale-invariant interaction terms with fractionary scale dimension dU , implying a non-trivial
phase space structure. Since then the unparticle idea has produced a substantial quantity
of research by considering modifications to the known physics, beyond the SM, as in high
energy particle phenomenology [14–22] and in astrophysical and cosmological scenarios,
including those ones with black holes [23–31]. In these latter one draws the attention to
the fact that the exterior event horizon presents a surface with fractal dimension equals
to dU . It is noticeable also that a recent paper on Casimir effect with unparticles shows a
fractalization in the parallel plates dimension [32].
Regarding unparticle black holes, in the above cited papers the rich thermodynamical
properties of these exotic objects were studied by means of an incomplete approach, since
only the extreme regimes of un-gravity and gravity dominated phases were separately
analysed. In the present work, we will go to a deeper level of understanding and those
properties will be analytically obtained by considering both the vector and scalar (tensor)
unparticle modifications of the Einstein’s gravity of a spherically symmetric source, for
all the ranges. Features as phase transitions will be also investigated and comparisons
with the known characteristics of the usual black holes will be made. We will show that
the mentioned modifications in the standard gravity are formally similar to those ones
present in black holes with quintessence [33], although the unparticles themselves cannot
be source of quintessence, as it will become clear. Moreover, this mathematical mapping
of the unparticle black holes into the quintessential ones will allow us to build out rotating
solutions to those ones, about which we will find some thermodynamics properties too.
This paper is organized as follows: In section two we review the black hole solutions
for scalar (tensor) and vector unparticles. We also review the thermodynamic properties
of these black holes in the asymptotic regimes. In section three we construct analytical
solutions to the mass parameter, temperature, entropy, heat capacity and free energy for
theses black holes in order to study their thermodynamic properties for all ranges. Finally
in section four we construct the solution for the rotating unparticle black holes.
2 A Review of Unparticle Static Black Holes
In this section we must review the solution to the scalar (tensor) and vector unparticle static
black holes found in Refs. [29, 30]. The action for the system is given by S = SM + SU ,
where SM is the matter action
SM ≡ −
∫
d4x
√
g ρ (x ) uµ uν , ρ (x ) ≡ M√
g
∫
dτ δ (x− x (τ) ) (2.1)
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and SU is the sum of the Einstein-Hilbert action and a correction due to unparticles
SU =
1
2κ2
∫
d4x
√
g
[
1 +
AdU
( 2dU − 1 ) sin (pi dU )
κ2∗
κ2
( −D2
Λ2U
)1−dU ]−1
R. (2.2)
In the above expression D2 stands for the D’Lambertian,
AdU ≡
16pi5/2
( 2pi )2dU
Γ ( dU + 1/2 )
Γ ( dU − 1 ) Γ ( 2dU ) (2.3)
and
κ∗ ≡ 1
ΛU
(
ΛU
MU
)dUV
. (2.4)
The strength of the coupling constant is determined by the mass scale MU which replaces
the Planck mass. By assuming a static source the authors found the analytical solution for
the spherically symmetric line elements. They are given by
g−1rr = −g00 = 1−
2M
r
[
1±
(
Rs,v
r
)2dU−2 ]
(2.5)
where
Rs,v =
[
ΓU
M2Pl.κ
2
s,v
pi2dU−1
Λ2−2dUU
] 1
2dU−2
; ΓU =
Γ ( dU − 1/2 ) Γ ( dU + 1/2 )
Γ ( 2dU )
,
ks,v are the coupling of the s, v unparticles with gravity and MPl is the plank mass. The
plus signal is taken for the scalar (tensor) unparticle case (Rs) and the minus one for the
vector case (Rv). These solutions has horizon curves defined by g
−1
rr = 0
M =
rH
2
1
1± (Rs,v/rH )2dU−2
. (2.6)
The authors in Refs [29, 30] distinguish between two regimes. The gravity dominated
(GD) regime is defined by Rs,v  rH and the ungravity dominated (UGD) regime by
rH  Rs,v. In the GD regime, for both cases, the mass parameter reduces to standard
M = rH/2. However in the UGD regime the mass is given by
M ≈ ±1
2
r2dU−1H
R2dU−2s,v
. (2.7)
Therefore, for the vector case, the mass parameter becomes negative in the UGD
regime. In fact for the entire region rH < Rv this parameter is negative. This fact lead
the authors of Ref. [30] to ignore this region. However it is a known fact that a negative
mass parameter indicates black hole solution with nontrivial topology [34]. This suggests
that beyond the fractalization of the horizon the vector unparticle can in fact contribute
to changes in the black hole topology. Since the UGDR regime must be contained in a
full quantum gravity theory, it is expected that quantum fluctuations in geometry should
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enhance quantum fluctuations in topology [35]. In fact in the incoming sections we will see
that this is a very rich region, with phase transitions and stable black holes. The Hawking
temperature can also be computed. It is given by [36]
TH =
κ
2pi
, (2.8)
where κ is the surface gravity which in this case is given κ = g′00(rH)/2 and we get
TdU =
1
4pi rH
[
1±
(
Rs,v
rH
)2dU−2 ]
[
1± ( 2du − 1 )
(
Rs,v
rH
)2dU−2 ]
. (2.9)
In the GD regime the temperature reduces to the usual expression for the Hawking
temperature. However in the UGD regime it is given by
TdU ≈
2dU − 1
4pirH
. (2.10)
By comparing this with the Hawking temperature for a Schwarzschild black hole in D
spacetime dimensions [37]
TD ≈ D − 3
4pirH
(2.11)
and than they argue that unparticle gravity leads to a fractalization of the event horizon
with
dH = 2dU ; dH ≡ D − 2. (2.12)
In order to enforce the fractalization of the event horizon in the UGD regime the authors
compute the entropy of the system. At this point we must be careful. It is very easy to
see that the standard expression for entropy S = pir2H is not correct for this corresponds to
dS = 2pir which is very different of dM/T as given above. Therefore the correct procedure
is to obtain the entropy by integrating dS = dM/T . In the UGD regime we use Eqs. (2.10)
and (2.7) to obtain
dS = ±2pi r
2dU−1
H
R2dU−2s,v
drH , (2.13)
and
S = ± pi
dU
r2dUH
R2dU−2s,v
. (2.14)
Some points are worth noticing about this result. First we see that the entropy in fact
depend on an effective dimension given by dH = 2dU . Second, for the vector case it seems
that, beyond having a negative mass, at this region we have negative entropy. In the next
section we must treat this problem in detail by finding an analytical solution to the entropy
and free energy of the system. We can advance that our result show that a constant must
be added in above entropy, rendering it positive even in the vector case.
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3 Analytical Thermodynamic Properties of Static Unparticle Black Holes
As said in the last section the approximate analysis of the black hole properties for the
gravity (rH  Rs,v) and un-gravity (rH  Rs,v) dominated regimes has been done in Refs
[29, 30]. Here we extend the analysis and consider intermediate values of rH . For this
we first analyze carefully the mass an temperature. After we find analytical solutions for
entropy and free energy and finally we discuss the possibility that unparticles can describe
quintessence.
3.1 Mass Parameter and Temperature
In this subsection we analyze the mass parameter an temperature for the scalar (tensor)
and vector unparticle black holes. First of all we should point that for the unvector case,
with minus sign, Eq. (2.6) has some peculiarities. As said before the mass parameter is
always negative (positive) if rH < Rv (rH > Rv) and diverges if rH = Rv. This suggests
that we have two disjointed regions , i.e., we cannot transit from one to the other. Despite
the negativeness of the mass parameter M recent works points to the fact black holes with
M < 0 can exist and have non-trivial topology [34]. Despite of the richness of this subject
here we focus on the analysis of the thermodynamic properties of this kind of black holes.
We will see that in some regions they are well defined and, more than this, we can have
thermodynamically stable black holes.
The temperature for the standard, scalar (tensor) and vector cases is depicted in Figs.
1a and 1b. Initially we can observe that in the range rH < Rs,v the standard black hole
is colder than the scalar (tensor) and vector cases, but for the range rH > Rs,v it presents
an intermediate temperature between the scalar (tensor) and vector unparticle black holes.
We also can see that in GD and UGD regimes the behavior of the temperatures for all
cases are similar. However, for intermediate values of rH , we have more involved behaviors
of the temperature for the un-vector case. In fact, in this case two stationary points for
0.2 0.4 0.6 0.8 1.0 1.2 1.4
rH
-2
-1
1
2
3
TH
(a) Rs,v = 1 and 0 < rH < 1.5
2.0 2.5 3.0 3.5 4.0
rH
0.02
0.03
0.04
0.05
0.06
TU
(b) Rs,v = 1 and 1.5 < rH < 4
Figure 1: The BH temperature for the standard, vector and scalar (tensor) unparticle
cases depicted in dotted, dashed and solid lines respectively.
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the temperature can be easily found and are given by
r±H = Rv
2− 3dU + 2d2U ±
√
5− 14dU + 17d2U − 12d3U + 4d2U
2dU − 1

1
2−2dU
(3.1)
where r−H (r
+
H) corresponds to the minimum (maximum) of the temperature. This suggests
the presence of a phase transition in r−H . In the same figure we also see that in the
region around rH ≈ Rv the temperature is discontinuous, what reinforces the previously
mentioned disjointedness of the regions rH ≶ Rv. In Fig. 1b we also see that we have a
vanishing temperature. In order to discover if the point r−H in fact corresponds to some
phase transition we must find the heat capacity and the free energy of the system. This is
the topic of the next subsection.
3.2 Analytical Entropy, Heat Capacity and Free Energy
Now we must focus in obtaining the an analytical expressions for the heat capacity and free
energy in order to loog for phase transitions of the system. Before this we must analyze
the next important variable of the system, which is the entropy. This will automatically
provide us an analytical expression for the free energy. As pointed in the last sections, the
correct procedure is to obtain the entropy directly from the definition
dS =
M ′(rH)
TdU
drH =
2pirH
1±
(
Rs,v
rH
)2dU−2drH , (3.2)
where M and TdU are given by Eqs. (2.6) and (2.9). For small values of Rs,v the solution
of the above equation must recover the standard area law, which is given by pir2H . With
this we try the anzats S = pir2HΩ(rH(z)) with z = (Rs,v/rH)
2dU−2 and get the equation
z(1± z)Ω′(z) + (1± z)
1− dU Ω−
1
1− dU = 0. (3.3)
The above equation has a very similar structure as the Euler’s hypergeometric differential
equation (EHDE)
z(1− z)ω′′ + [c− z (1 + a+ b)]ω′ − abω = 0. (3.4)
In fact if we differentiate it we get
z(1± z)Ω′′ +
[
1 +
1
1− dU ± z
(
2 +
1
1− dU
)]
Ω′ ± 1
1− dU Ω = 0 (3.5)
where the plus(minus) signal stand for the un-scalar(vector) case. The equations are the
same if we identify
a = 1, b = 1/(1− dU ), c = (2− dU )/(1− dU ) (3.6)
and for the scalar (tensor) case by performing z → −z. With this we get that, to find
solutions of equation (3.2), we can first look for solution to the EHDE. However it is known
that the solutions to the EHDE are build out from the hypergeometric series 2F1(a, b; c;±z).
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First we consider the scalar (tensor) case in details, since it contains some subtleties
not considered previously by the authors of Ref. [29]. We have that the above equation
has no singular points since z > 0. In order to find the solution we can perform the change
z → −z. When c in not integer, the solution around z = 0 is given by
Ω(z) = Asz
1−c
2F1(1 + a− c, 1 + b− c; 2− c;−z) +Bs 2F1(a, b; c;−z) (3.7)
where As, Bs are constants of integration. In our case we have 1 + b− c = 0 and therefore
our solution simplifies to
Ω(z) = Asz
1
dU−1 +Bs 2F1(a, b; c;−z) (3.8)
and, as said above, this solution is well defined for all z > 0. We should point that we are
looking for the solution of the first order equation (3.2) and with this we get that one of
the above constants will be fixed by substituting the above solution in (3.2). We finally
obtain the entropy in terms of our original coordinate rH
Ss = As + pir
2
H 2F1
[
1,
1
1− dU ,
2− dU
1− dU ,−
(
Rs
rH
)2dU−2]
(3.9)
where As is an integration constant. Since the above solution is valid for all Rs the constant
As can be fixed as zero by demanding that in the limit Rs → 0 the above expression recover
the standard BH entropy.
For the vector case, equation (3.5) has singular points and we must be careful. Dif-
ferently of the scalar (tensor) case here we will have two diferent solutions in the regions
rH ≶ Rs,v. For the region z < 1, since c is not integer and 1 + b − c = 0, the solution
around z = 0 simplifies to
S = pir2H 2F1
[
1,
1
1− dU ,
2− dU
1− dU ,
(
Rv
rH
)2dU−2]
(3.10)
where again the integration constant has been fixed as zero in order to recover the standard
entropy when Rv → 0. As expected the above solution is singular when z → 1 (rH → Rv).
For z > 1 we have to expand our solution around z = ∞. This is possible since a − b is
not an integer and the solution to Eq. (3.5) will be
Ω(z) = Avz
1
dU−1 −Bvz−1 2F1
(
1,
dU
dU − 1;
1− 2dU
1− dU ; z
−1
)
. (3.11)
Again, as we are looking for solutions of Eq. (3.2) the constant Bv is fixed and we get the
final expression for the entropy
Sv = Av − pir2H
(
rH
Rv
)2dU−2
2F1
[
1,
dU
dU − 1;
1− 2dU
1− dU ;
(
rH
Rv
)2dU−2]
. (3.12)
However in this region (rH < Rv) the integration constant Av cannot be fixed as before by
demanding that when Rv/rH  1 the standard entropy must be recovered. The only way
of fixing this parameter is by analyzing phase transitions, as we will briefly see.
– 7 –
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Figure 2: The entropy for the standard, scalar (tensor) and vector unparticles BH depicted
in solid, dotted and dashed lines, respectively. This is given for the range 0 < rH < 2 and
with Rs,v = 1
In Fig. 2 we give the entropy for the standard, scalar (tensor) and vector unparticles
BH in terms of rH . Despite the fact that the constant As has been fixed to zero in the scalar
(tensor) case, the above graph show us that in the limit rH → 0 we get a constant value
for the entropy. Therefore, as can be seen in Fig. 2 we arrive at the interesting result that,
for different reasons, in both the scalar (tensor) and vector cases the entropy do not vanish
when the black hole radius goes to zero. The fact the Av is not zero also guarantees that in
some range we can get a positive entropy in the region rH < Rv. We should point out here
that the entropy given in Eq. (2.14), found in Ref. [29], for the scalar (tensor) and vector
cases do not have this residual entropy. However their solution was found considering Eq.
(3.2) in the region rH  Rs and they impose S = 0. Our analytical solution shows that
the only way to fit this is by considering As 6= 0. However this would imply that the
standard area law is not recovered in the limit Rs → 0 . Therefore our analysis show that
the only way to obtain a full continuous solution that recover the standard black hole area
law implies a finite value for the entropy in the limit rH → 0.
Finally we must study the phase transitions of the model. For this we need of the heat
capacity and free energy of the system which are defined by
CV = dM/dT ; F = M − TS. (3.13)
The heat capacity can be obtained from Eqs. (2.6) and (2.9)
CV =
M ′
T ′dU
= −
2pir2H
[
1± (2dU − 1)
(
R
rH
)2dU−2]
1± 2 (2d2U − 3dU + 2) ( RrH )2dU−2 + (2dU − 1)( RrH )4dU−4 (3.14)
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and the free energy for the vector case from Eqs. (2.6), (2.9), (3.10) and (3.12) .
In Fig. 3 we depict the vector unparticle BH heat capacity, temperature and free
energy. We can see that the heat capacity confirms the fact that at the minimum of the
temperature we have a phase transition. Therefore it seems natural to choose the value for
Av such that the free energy reinforce such a phase transition. For this we have to impose
the latter as being zero at the temperature minimum. Equation (3.1) gives the value of r+H
for the phase transition and by fixing that at the same point the free energy is zero we get
Av = pi(r
−
H)
2
{
2
[
1− (2dU − 1)
(
Rv
r−H
)2dU−2]
+
+
(
r−H
Rv
)2dU−2
2F1
[
1,
dU
dU − 1;
1− 2dU
1− dU ;
(
r−H
Rv
)2dU−2]}
. (3.15)
0.2 0.4 0.6 0.8 1.0
rH
-2
2
4
8TU , cV , F<
Figure 3: The vector unparticle BH heat capacity, temperature and free energy depicted
in dotted, solid and dashed lines, respectively. We consider the range 0 < rH < 1 and
Rv = 1
3.3 Unparticles as Quintessence
The solution (2.5) is very similar to the quintessence one [33], in which
(gqrr)
−1 = −gq00 = 1−
2M
r
− α
r3ωq+1
(3.16)
where α ≥ 0 and ω is constrained by cosmological evidences to −1 ≤ ω ≤ −1/3 [33]. In
fact they become identical if
3ω + 1 = 2dU − 1; α = ±2MΓUR2dU−2s,v . (3.17)
This suggests that unparticles could be a source of quintessential matter for the static black
hole. Since ω has a range of permitted values, the above relationship between ω and dU
– 9 –
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rH
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(a) Rv = 1 and 1.1 < rH < 2
2.5 3.0 3.5 4.0 4.5 5.0
rH
-200
-150
-100
-50
8TU , cV , F<
(b) Rv = 1 and 2 < rH < 5
Figure 4: The Un-vector BH heat capacity, temperature and free energy depicted in
dotted, solid and dashed lines, respectively.
give us −1/2 ≤ dU ≤ 1/2. However this is not allowed since, by unitarity reasons, dU ≥ 1
for scalar (tensor) unparticles and dU ≥ 3 for the vector ones [38]. Therefore the static
black hole quintessence can not be described by unparticles. Despite of this, the formal
similarity of the above solutions will guide us to generalize the unparticle black hole to the
case with rotation.
4 Analytical Solution to the Unparticle Kerr Black Hole
In this section we construct the solution for the rotating unparticle black hole. The standard
procedure is by using the Newman-Janis algorithm. However we can take a shortcut since,
as said before, our static solution is formally identical to the one with quintessence found in
Ref. [33]. Some time later by using the above algorithm with two different complexifications
for the radial coordinate, solutions for the rotating black hole surrounded by quintessence
were independently found by Ghosh [39] and Toshmatov et al. [40]. The solutions in the
Boyer-Lindquist coordinates are given by
ds2 =
∆˜1,2 − a2 sin2 θ
Σ
dt2 − Σ
∆˜1,2
dr2 + 2a sin2 θ
(
1− ∆˜1,2 − a
2 sin2 θ
Σ
)
dt dφ− Σ dθ2
− sin2 θ
[
Σ + a2 sin2 θ
(
2− ∆˜1,2 − a
2 sin2 θ
Σ
)]
dφ2,
where Σ = r2 + a2 cos2 θ and
∆˜1,2 = r
2 + a2 − 2Mr − αF 1−3ω1,2 . (4.1)
The subscripts 1 (2) means the Ghosh (Toshmatov) solutions and the functions F1,2 are
given by
F1 = Σ
1
2 ; F2 = r. (4.2)
– 10 –
Now we apply our mapping (3.17) and we get the solution for the rotating unparticle
black holes
∆˜U = r
2 + a2 − 2Mr ± (2M)R2dU−2sv F 3−2dU1,2 . (4.3)
From this metric we can obtain the mass parameter and the Hawking temperature of the
black holes. The mass parameter M is given by ∆˜ = 0 or
2M =
r2H + a
2
rH ±R2dU−2sv F 3−2dU1,2
. (4.4)
The Hawking temperature can also be obtained by using [36]
TH =
1
4pi
∆′(rH)
(r2H + a
2)
, (4.5)
which provide us the Hawking temperatures
TdU =
1
2pi
(
rH −M
r2H + a
2
)[
1±MR2dU−2s,v
(
3− 2dU
rH −M
)
rHF
1−2dU
1,2
]
. (4.6)
If in equations (4.3), (4.4) and (4.6) we take the limit Rs,v → 0 we see that the standard
results for the Kerr black hole are recovered.
From now on we must perform the analyzes of thermodynamic properties of this solu-
tion just in the GD and UGD regimes. This is due to the fact that now the metric depends
on the coordinate θ and we have not been able to find an analytical solution for the entropy.
For the temperature we have in the UGD regime
TdU ≈
1
4pi
[
2rH(
r2H + a
2
) + (2dU − 3) rH
F 21,2
]
, (4.7)
where we have considered the more simple case θ = pi/2. Just as before, if we are looking
for a fractalization of the event horizon, we must compare this result with the one for a
higher dimensional rotating black hole. This expression is given by [37]
TD =
1
4pi
(
2r0
r20 + a
2
+
D − 5
r0
)
. (4.8)
Comparing this with our UGD expression (4.7) we get a fractalization of the event horizon
in the Ghosh-like case is given by
dH = 3 +
2dU − 3
1 +
(
a
rH
)2
cos2 θ
(4.9)
and for the Toshmatov-like solution we get dH = 2dU as in the static unparticle black hole
case. We should point out that these solutions reduce to case without rotation if we take
a = 0.
– 11 –
5 Conclusions
In this paper we initially perform a detailed study of the thermodinamic properties of
scalar (tensor) and vector unparticle static black holes. For this we have found analytical
expressions for the main thermodynamic quantities: Hawking temperature, entropy, heat
capacity and free energy. For the scalar (tensor) cases we first analyzed the Hawking
temperature and found a behavior very similar to the case without unparticles, as can
be seem in Fig. 1. The same trivial behavior is found for heat capacity and free energy.
However, when one studies the entropy, it is obtained that black holes have a remnant
minimum value for the entropy when its radius approaches zero, what is diverse from
the conventional case. This conclusion emerges directly from our analytical solution (3.9)
depicted in Fig. 2. We have found that this is the only possible solution that recover
standard black holes in the limit without unparticles (Rs → 0).
For the vector case we found a more involved structure. In this case all the analyzed
quantities are singular at rH = Rv. This suggests that we cannot transit from one region
to the other and therefore it seems that we have disjoined regions rH ≷ Rv. First of all
the mass parameter is singular at rH = Rv as can be seen from Eq. (2.6). This equation
also points to the fact that the mass parameter is always negative in the domain rH < Rv.
Despite of this apparently forbidden region of negative mass, recent works points to the
fact that black holes with M < 0 can exist and present non-trivial topology [34]. Since
the ungravity dominated regime must be contained in a full quantum gravity theory, it
is expected that quantum fluctuations in geometry should enhance quantum fluctuations
in topology [35]. Therefore we put forward the study of other thermodynamic quantities.
For example, when we investigated the Hawking temperature, we found a minimum value
T0 at the point r
−
H (see Eq. 3.1) exactly in the above pointed region as can be seem in
Fig. 3. This suggests the existence of a phase transition. In order to confirm this, we
computed the heat capacity and the free energy. By analyzing the former we identified
that it is singular at the point where the temperature is a local minimum and it is positive
(negative) if rH < r
−
H (rH > r
−
H). This implies that the vector unparticle black hole is
thermodynamically stable (unstable) in these regions. Regarding free energy we found
that the constant of integration Av had to be fixed in order to be consistent with a phase
transition at rH = r
−
H . This means that at this point the free energy is null and therefore
the global phase transition corresponds to the local one. Therefore as well as in the scalar
(tensor) cases we also get a remnant value for the entropy if the black hole evaporate
completely. This can be seen in Fig. 2.
In another direction, we have shown that unparticles cannot be a source of quintessence.
For this we first point that the static unparticle solution found in Refs. [29, 30] and the
quintessence one found by Kiselev in Ref. [33] are formally similar. They in fact become
identical if the mapping (3.17) is considered. With this we get that the constraints in
the scale dimension dU (dU > 2) is not compatible with the range of the observational
quintessential parameter −1 < ω < −1/3.
The above identification also pointed to us a shortcut to obtain the rotating solutions of
the systems under consideration. By using two different complexifications in the Newman-
– 12 –
Janis algorithm, Ghosh and Toshmatov et al found two distinct solutions to the rotating
black hole surrounded by quintessence. By applying (3.17) we found, for the first time,
the corresponding exact solutions to the rotating unparticle black holes. For both cases
we computed the Hawking temperature. In the ungravity dominated regime we found, as
in the static cases, a fractalization of the event horizon. For the Toshmatov-like one it is
equal to the static case and therefore the fractalization is not dependent on the rotation of
the source. However for the Gosh-like solution the fractal dimension depends on the polar
angle and on the rotation of the source.
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